Perturbation theory

And its observables
LECTURE 1



Chapter 1. Homogeneous Universe
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How do we describe the Universe?

* Depends on what we see:

©) Galaxies and groups

© A Cosmic background radiation
©) Distance tracers

* Depends on what we are looking for:

©) The origin of the Universe (as a whole)

©) Why the universe is in an accelerated expansion?
©) How structures assemble?
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The unperturbed Universe

* Cosmological principle estipulates that universe is invariant:
Wherever you stand (homogeneous) and whichever direction you look at (isotropic)

* Comoving coordinates and uniform dynamics yield,

R(t,r)=a(t)r —> |v=HR(t,r)| where H=-—a=
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The expanding Universe ¢ £ 4 2

* Cosmological principle estipulates that universe is invariant:
Wherever you stand (homogeneous) and whichever direction you look at (isotropic)

* Comoving coordinates and uniform dynamics yield, v — HR(t ‘r‘)
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The unperturbed Universe

* Cosmological principle estipulates that universe is invariant:
Wherever you stand (homogeneous) and whichever direction you look at (isotropic)

* Comoving coordinates and uniform expansion yield,

1 d a
R(t,r) =a(t)r —> |v=HR(t,r)| where H = —aa .
a a
* RW proved that the metric is the most general case of an homogeneous and isotropic
expansion 2
ds® = a(n)’ {—dnz +1 ’;c —+r°(d6’ +sin(«9)2d¢2)}
— Kr

Where spatial curvature k defines the geometry




Observers and kinematics

 Comoving (orthogonal) observer, dn b = 1
n, = -

fdx #

* Kinematic quantities defined with projectiontensor P, =g +n,n,

world-line

proper time n

4-velocity

n,= a(t)[-1,0,0,0]

PW =g, tnn, = a(t)[nﬂv + 5ﬂ050V]

projector on X
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Observers and kinematics

 Comoving (orthogonal) observer, dn b = 1
n_ = -

oo dx” #

* Kinematic quantities defined with projectiontensor, P =g +nn,

o QPW + o + W — aun, .

Y3
* Expansion 6, vorticity ww , shear ow, and acceleration a,.

1 1
597‘7/1;/ ) wm/ — 573;1_.0{7)1/5 (nﬂf;@ o nﬁ?gﬁ) ?

@ & O

_ u = —73 QPL, (Mg + Ngia) —

&

lly ?.\

| |
» <P &



Geometrical quantities »

* The rate of change of an infinitesimally commoving volume Vis given by Vdn 0=3H
* The Lie derivative of the projection tensor along the velocity field is
the extrinsic curvature of spatial hypersurfaces

1 1
K = 5 £n P = P A = 0P+ Ty K" =K=H
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Geometrical quantities »

* The rate of change of an infinitesimally commoving volume Vis givenby  7——= =0=3H
* The Lie derivative of the projection tensor along the velocity field is
the extrinsic curvature of spatial hypersurfaces

1 1
K;w = §0€RPI~W — PV/\nM;A — EQPMV -+ Opw - K/u/u =K=H

* In an FLRW universe, the comoving horizon is related to

the (comoving) Hubble radius . _ ¢ _ ¢
.=

e From aH_}[
ds’=0—>dn=dr

'y Radiation domination
r.=| d —dlo a=| r.dlogsa=:"
-[ 7= I . j ne o8 {ZrH Matter domination

c c
aH H

thus Hubble Horizon Vy =
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Unperturbed ingredients

* Stress Energy tensor with anisotropic stress.

1%, = (p +p)uuy, +pot, + 7", THu = —pu.

* Proper frame of perfect fluid 7,, =diag(-p,p, p,p). (with p =wp )
* Dark matter presents no velocity dispersion, no pressure, no shear.
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Unperturbed ingredients

* Stress Energy tensor with anisotropic stress.

1%, = (p +p)uuy, +pot, + 7", THu = —pu.

* Proper frame of perfect fluid 7,, =diag(-p,p, p,p). (with p =wp )
* Dark matter presents no velocity dispersion, no pressure, no shear.

* From distribution function
[L T/

THY —

* Energy density, momentum density and pressure

(p+ P)v

g d’
pP= (QW)S/fpg—

* For ultra-relativistic particles E = P, thus p =3P.

* also in eguilibrium thisis a Eerfect fluid
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Unperturbed ingredients

* Stress Energy tensor with anisotropic stress.
1%, = (p +p)uuy, +pot, + 7", THu = —pu.
* Proper frame of perfect fluid 7,, =diag(-p, p,p,p). (with p=wp)

* Dark matter presents no velocity dispersion, no pressure, no shear.

* A scalar field has 1
1", = "0, — o, (U (¢) + 59“"9@,&,)\)

* The homogeneous field can be described as a perfect fluid

p=—90"prpn+U, P=—g"p, p,—U

Uy =
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Evolution of horizons in FLRW [z - ly.z-swcr.,

2

* Einstein equations (and Conservation of 7,,) for a perfect fluid (p = ®p)

dp 87 K2 [H j
_:3H P+ 2 p— Qm+QA+QK: e
dt ( ,0) H 3 p a2 Ho

e Solutions

4 ) 2/3(&)—}—1)

p=poa ¥ at) = (1
0
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Evolution of horizons in FLRW  |x. - ls.z-swc1.

* Einstein equations (and Conservation of 7,,) for a perfect fluid (p = ®p)

dp 817G Kc? _[sz
I _3H(P 2: Q +Q, +Q =
7 (P+p) H 3 0 -

present horizon scale dark energy

’ SOIUtionS t 2/3(w+1) matter
p p— poa_3(1+w) a(t) p— (t—) _ radiation
0 T
* Comoving horizon ever expanding Eﬂ
dr rG g
—HZ—-. ,—(p+,0/3) N //
dt ( ' Y

Log (a)



(Problem for Big Bang)

* Homogeneous Universe beyond the r« at recombination.

present horizon scale dark energy

matter

radiation

T
3
=

_ matter
&
-

| /

\ /
N/
w

Log (a)
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Solution: Inflation

* Homogeneous Universe beyond the r. at recombination.
* Require a shrinking r. for early times: inflation

smooth patch

d 1 a a 1
o (aH) = << 0 — = —47G(p + gp)

N present horizon scale dark energy

» Scalar field (inflaton)

matter

1 | 1 o radiation
p = 5(@)2 —|— V(QO), P = 5(90) R V(SO) § inflation
») Slow roll conditions. E"
.2 . .
5 << V(o) b << 3H¢ A

Log (a)
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Chapter 2. Perturbations
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What are perturbations?

* Approximating scheme to solve problems from solutions to related simplifications.
Example:

1
@=\/25+1=5,/1+gz5(1+1/50)z5.1(=5.099) >y = \/Xz (14+¢) =xvV1+e

Fortensors T(n.z') = To(n) +0T(n,z*).

And a Taylor expansion ) . X en .
y P 0T (n,2") =) E—§Tn(?;: r'),

l
—n!
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What are perturbations?

* Approximating scheme to solve problems from solutions to related simplifications.

Fortensors  T(n.z") = To(n) + dT(n, z").
And a Taylor expansion ST (n, 2 Z (0, 7).

n—l

In Cosmological Perturbation Theory we deal with deviations from FLRW Universe:

* Inhomogeneities or anisotropies. o(x,t) = p(t)+p(x,t) = p(t)(1+ )

* Why Perturbations? Observations from CMB:

oT

N




What are perturbations? [,¢5=507 600 =500+

* Unambiguous definition of perturbations requires a map.

Sp=p—p7 N
M S
5Q = Q — ®(Q) T N

M M

* The map must account for a small deviation from background.
* What if Q = 0?Then o is independent of mapping.
* Then 0Q is Gauge-Independent (Stewart-Walker Lemma)
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What are perturbations? [(x.0=50+d(x.0=pw)1+3)

* Unambiguous definition of perturbations requires a map.

5P:£—£? ' '/NA\(\/
M B
5Q = Q — ®(Q) ] “Wq

* The map must account for a small deviation from background.

M

* No unique way of defining this map & (re: coordinate choice).
* No unique way of defining perturbations (i.e. gradient expansion).

VzQ/(azH)2 %—sz/(aH)z <<1 (atsuper-horizon scales)
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Metric Perturbations

* The metric tensor perturbations g, =g, (t)+0g,, (x,1)

(5900 — —2a2¢ > Gravitational potential
590?5 — az(B,i -S,)
0gi;=2a (2w +E ,+F, +h)

Potential shift
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Metric Perturbations

* The metric tensor perturbations g, =g, (t)+0g,, (x,1)

(5900 — —2612¢ > Gravitational potential
590?5 — az(B,i -S,)
6933 :2612(—2(// +FE+ F,+ /.)

(61. i %Vz)(E'—I- B) = Shear scalar

5g,* = Local scale factor

* Split from Helmholtz Theorem
* Scalar, vector and tensors decouple at first order.
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Metric Perturbations

* The metric tensor perturbations g, =g, (t)+0g,, (x,1)

(5900 — —2612¢ > Gravitational potential
590?5 — az(B,i -S,)
6933 :2612(—2(// +FE+ F,+ /.)

( 1.8]. —%Vz)(E-I-B) — Shear scalar o

5g,” = Local scale factor

* Geometrical quantities: 4
* Curvature of spatial hypersurfaces (3)R1 — _2V2¢1
a

* Acceleration a; = ¢ ;

* Expansion ’ 3 , 1,

* Proper time 0 = a [H_HQS_ZD +§V U]
dr =1+ ¢)dt
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T,, Perturbations
* The Stress-Energy tensor split T, = Tﬂv (1)+0T,,(x,1)

6T = —5p1 : — Matter density perturbation

0T = (po + Py) (v1i + Buy)
OT'; =P8+ a>m)

\ .

k
OT." = Local pressure

Anisotropic stress

* Split not explicitly shown but ~ ;,# — 471 (1 — Vit vi)
* Scalar field: ’
6T,y =ap'(pp'- 69" -U 00
6T’ =—a~p'(5p,)

= a”p'(Sp'-$p"-U 00 |5,
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Gauges

* O(1) depends on our choice of equal-time 0Q = Q — P(Q)
hypersurface at each point (x,t) :
* So 00(r,t) will also depend on this choice

||

of time-slicing or gauge choice T 7
L
||

e
-

Gauge Transformation: x* — x* +¢&*

Coordinate transformation which _ %

M M

map points of one slicing to another

1) Must be small change o

2) Helmholtz split ¢* =(a, 5" + )

3) Imposed to specific characteristics of 50(r,7)
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Gauges

* O(1) depends on our choice of equal-time 0Q = Q — P(Q)
hypersurface at each point (x,t) :
* So 00(r,1) will also depend on this choice

of time-slicing or gauge choice i i
Gauge Transformation: x* — x* + &~ il z ’[/
Coordinate transformation which | — | /W¢
map points of one slicing to another

1) Must be small change -

2) Helmholtz split ¢* =(a, 5" + ")

3) Imposed to specific characteristics of 50(r,1)
4) OJO: spurious quantities may appear
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Gauges

* Active approach: Map transforming perturbed quantities

B

T =e*<T
*  Vector field generating transformation  &“ =(a, '+ ') =& +1 &,
: : 1 1
* Expansion of exponential map  exp(£e) =1 +eLe, + 2—6206?1 + EEQGEEQ —

~

* Split of tensor transformation

‘wl

~ —

JIT
T +(£,)T+2£,T,

Y

—Y
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Gauges & = (a, B+ B) = & + 1678
* Passive approach: Provide relation between coordinates .~ and x“(q)
o (q) = 2"(q) — €€1'(q)

* Require total quantities invariant p(E") = p(at)
» Expansion of both sides in perturbations  p(z") = py(z°) + €dp; (z)

pE") = po (2°) + edpy (a7) = po(a”) + € (—ply ()& (2#) + 6pa (a+))

e Result: Transformation rule at first order:

op1 = 6p1 + po&

~

Same applies for any other 4-scalar  |( )' o |
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Gauges

* Vector and tensor transformations computed through exponential map.
* Relevant results from vectors
* Velocity transformation

~ '

~

* Scalar off-diagonal metric | -«

 Results from tensor transformations

* Scalar metric potentials —~ ,
01 =01 + Hoy + o,

¢1 — 7701 — Haoy ;
El — El + 61 ’
 (Gravitational Waves —
hlz’j — hlz’j
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Gauges...what Gauges? 111111
* Observers may measure different observables ®@ @ @ @ o o
* Observers that see uniform field: o

* Require: S5 o', =0—> a,, 'V 51
* Result: Curvature perturbation in uniform density gauge.
- 0,
y 9L =
0
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Gauges...what Gauges? 111111
* Observers may measure different observables ®@ @ @ @ o o
* Observers that see uniform field: o

£

'

* Require: 55 o', =0—> a,, 'V
* Result: Curvature perturbation in uniform density gauge.
Y H—=-
* Observers with unperturbed spatial hypersurfaces:

* Require y~
1 = W1/7'[9 :B:/A:_El
* Result: Field perturbation in flat gauge.
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Gauges...what Gauges?

* Observers may measure different observables
* Observers that see uniform scalar field:

« Require: o = %
¢l (Z'
* Result: Curvature perturbation in Uniform field gauge.
- o)
y w22
P
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Gauges...what Gauges?

* Observers may measure different observables
* Observers that see uniform scalar field:

« Require: o = %
¢l (Z'
* Result: Curvature perturbation in Uniform field gauge.
- o)
y w22
P

* Observers that experience no shear:
* Require
L a, 5, =B —E

* Result: Metric potentials in Longitudinal or Newtonian Gauge.

~

g H(B,—E ')+(B —E") =0
y -3 (B,—E'") =Y
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Gauge Invariants

» Combine two scalars Uy =1y — Hay, dp1 = dpy P
* Obtain a Gauge-invariant quantity Y, _ op,
from their difference H p'

op =
4niform dW

— W:
> : flat
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Gauge Invariants

» Combine two scalars U =1 — Hay (/5;1 = 0p1 + Py

~S

* Obtain a Gauge-invariant quantity ¥, op, _y
The Uniform density curvature H p' H >

oD =
4niform dW ’
W f—

e

> : flat
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Gauge Invariants

- Combine two scalars U =1 — Hay, 0p1 = 0py P

~S

* Obtain a Gauge-invariant quantity ¥, op, _ Y

The Uniform density curvature H p'  H %
- Bardeen Potentials are the first ¢ H (B —E")+(B -E') =
but not only gauge-invariants. . :
save z, H (B —E") =¥

* Curvature Perturbation in

. . o B 5
Uniform field (comoving) gauge l/ a1 ﬁl -®

@
oD =
4niform dW a

. W =
> : flat
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Gauge lessons

* Physically meaningful [ are found by fixing a gauge completely.
* Gauge-invariant { is any fixed-gauge quantity.
- Gauge transformations show only two degrees of freedom & = (&, ' + ,B’)

* Different problems do with specific gauges.

op =
4niform dW

e

> : flat
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Chapter 3. Perturbation Dynamics
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Conservation Equations

* Energy conservation at first order (continuity equation)

6p +3H (6p+0P)—3(p+P)Y' + (p+P)V*(V+0)=0,

/
* Interms of uniform density curvature (with CQ = PI
4]
C, _ 5Pnad B _vQ,ﬁé
p+P 3
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Conservation Equations

* Energy conservation at first order (continuity equation)

5p’+3H(5p+5P)—3(p+P)w’+(p+P)V2(V+a) =0,

Pl
* Interms of uniform density curvature (with CQ =
/
OP, g
/ nad 2~ . .
(' =-H——= — VU —> Constant ¢ for adiabatic & P and large scales
p+PFP 3 1
comoving scales
A (aH)™ !
. . horizon re-enkry
» Result valid at all orders, {'is conserved _—
if no entropy perturbations appear. N (ReRe) super-horzion [P
- T
Rk tr;uleL*‘r
zero-point funetion
fluetnations
CMB
horizon exit recomnbination  today
= time
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Conservation Equations

* Momentum conservation (Euler equation)

1
V'+ (1= 3cC)HV + ¢

p+ P

2
(513 + §V2H) — 0
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Conservation Equations

* Momentum conservation (Euler equation)

1
V'+ (1= 3cC)HV + ¢

p+ P

2
(513 + §V2H) — 0

* Inacomovinggauge:  =yv+ B =()

(p+ P)p = 6P + (2/3)V?II —> Acceleration produced by pressure gradients
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Conservation Equations

* Momentum conservation (Euler equation)

1
V'+ (1= 3cC)HV + ¢

p+ P

2
(513 + §V2H) — 0

* Inacomovinggauge:  =yv+ B =()

(p+ P)p = 6P + (2/3)V?II —> Acceleration produced by pressure gradients

* For pressureless dust: (aV')'+a¢p = 0

—> In synchronous dust velocity evolves as V¢1 ~1/a
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Conservation Equations

* Momentum conservation (Euler equation)

1
V'+ (1= 3cC)HV + ¢

p+ P

2
(513 + §V2H) — 0

* Inacomovinggauge:  =yv+ B =()

(p+ P)p = 6P + (2/3)V?II —> Acceleration produced by pressure gradients

* For pressureless dust: (aV')'+a¢p = 0

—> In synchronous dust velocity evolves as V¢1 ~1/a
* In Longitudinal gauge, Euler + continuity:

y— . _2xv72)\ ¢ N
‘ 1 iTarea!
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Einstein Equations
* Energy and momentum constraints
3H (V' + Ho) — V[ + Ho| = —4rGa’dp,

! _ 2
* Inlongitudinal gauge: V' +Ho=—AnrGa (p+ Plv+ B

3H (V' + HP) — VU = —4xGa*py,
U+ H® = —4rGa*(p + P)uy

—s VY =47xGa’op, .

Poisson Equation at all scales!
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Einstein Equations

* Evolution equations:
2

U 2ZHY 4 HY + (20 + H) ¢ = 4G’ (513 + §v2n) |

o' +2Ho + 1 — ¢ = S7Ga’ll

* Inlongitudinal gauge:

Equivalent potentials
if no anisotropic stress

U— & =871Ga’ll —

U +3(1+VHY' + 2H + (1 + 3¢ )H* — iV ¥ =0
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Chapter 3. Perturbation Solutions
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Chapter 4. Inflation Perturbations
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