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Part lll: Evolution of Perturbations



Initial Conditions

> At large scales perturbations of components can be understood as patches with a
shifted time.

5Q(x,m) = Q(x,n) — Qn) = Q(n + on(x)) — Q(n) = @sn.

Assumption Valid for k < # because of causal contact.
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Initial Conditions

> At large scales perturbations of components can be understood as patches with a
shifted time.

5Q(x,n) = Q(x,n) — Qn) = Q(n + dn(x)) — Q(n) ~ Q'sn.

Assumption Valid for k < # because of causal contact.
» Adiabatic condition from the conservation of each component.
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» Then each component of the set of ingredients presents an adiabatic evolution if

o R )
PO PO (0(x)) = —sHon= o9

— — 5(m — 5(b)
4/3  4/3

» Therefore each component is determined by the total § = ép/p.



Radiation domination

Tight coupling of baryons and photons at early times before radiation domination due
to Thompson scattering.

» The entropy density is given by the relativistic species number density s ~ gsn,
» The perturbed baryon-entropy ratio is

sb:(;(@)/@_wzéﬂ_%_%_@ﬁ
S S Np/ Ny np Ny P 4 Dy

zero under the adiabatic condition = no anisotropic stress.



Radiation domination

Tight coupling of baryons and photons at early times before radiation domination due
to Thompson scattering.

» The entropy density is given by the relativistic species number density s ~ gsn,
» The perturbed baryon-entropy ratio is

sb:(;(@)/@_wzéﬂ_%_%_@ﬁ

s/ s np/ny [
zero under the adiabatic condition = no anisotropic stress.

» Adopting adiabatic initial condition for ¢, then ¢ = const.

» Ignoring anisotropic stress (neutrino perturbation) and before horizon entry & = W
and,

_ic — _2¢p = 15(7) — §(m).
3 3



Entropy modes

» The perturbed matter-(reference fluid) ratio is

6.0t Sn_ _oom 3 om
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can be non-zero if non-adiabatic modes exist: Entropy Modes (N — 1 for N
components)



Entropy modes

» The perturbed matter-(reference fluid) ratio is

S oNm 6nf 5pm 3 5pf
f=— — — = — — — — — -
" Nm ng pm~+ Pm 4 pr+ P;

can be non-zero if non-adiabatic modes exist: Entropy Modes (N — 1 for N
components)

» Same with the isocurvature modes. In any case need more than one degree of
freedom (not present in single field inflation)

» In thermal equilibrium all densities are dictated by the temperature (single DOF).

» Isocurvature mode must be generated by a fluid always decoupled from thermal
equilibrium.



Matter perturbation

1. During matter domination (consider only CDM) The jj Einstein Equations shows
@) +6n "0, =0.

2. Growing mode 4 = const. = gcjk (same when baryons contribute).



Matter perturbation

1. During matter domination (consider only CDM) The jj Einstein Equations shows
@) +6n "0, =0.

2. Growing mode 4 = const. = %gk (same when baryons contribute).

3. Some scales are inside the horizon at photon decoupling. Distinguish them
through transfer function (account for evolution of scales)

§M = _2¢, = ,g T(K)Ck.

4. Inside the horizon, at radiation domination photon density contrast decays due to
damping of baryon-photon fluid. Then ¢ decays and

6,((’")” + aHé,((m)’ =0, = ™ =log(kn),

which holds until equality when (™ = £¢ log(kneq).
5. This is related to ® via the Poisson Eqn. and yields the transfer function as

3KkG k
T(k) = ——'log — for k > K,
() 5 k2 gkeq > Keq




Random Fields
Fluctuations are statistically measured as correlation functions or average values.

1.
2.

3.

Linear perturbations preserve the shape of the probability distribution
Gaussian distribution as estipulated by independent realizations, this happens in
quantum perturbations from the inflaton field.
The two point correlation contains all info of a Gaussian field
SAWAX) > = &t Ix—x])
< AAL > = &(t |k —K'|) = dp(lk — K'|) (homogeneity) x P,(k)(isotropy)
Pa(k) is the powerspectrum associated to A.
The dimensionless Powerspectrum is k% /2m2k3Pa(k) = Pa(k)
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Random Fields
Fluctuations are statistically measured as correlation functions or average values.
1. Linear perturbations preserve the shape of the probability distribution
2. Gaussian distribution as estipulated by independent realizations, this happens in
quantum perturbations from the inflaton field.
3. The two point correlation contains all info of a Gaussian field

<ATAKX) > = gt Ix = X))

< AAL > = &(t |k —K'|) = dp(lk — K'|) (homogeneity) x P,(k)(isotropy)
Pa(k) is the powerspectrum associated to A.
The dimensionless Powerspectrum is k% /2m2k3Pa(k) = Pa(k)

4. The Transfer function relates A to a single adiabatic Primordial Perturbation:
Ak, t) = Ta(k, t, 10)A(k, 1)

< ARAL >= TE(k, t, 10)dp(|k — K'|)P¢ (k)
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Random Fields
Fluctuations are statistically measured as correlation functions or average values.

1.
2.

3.

Linear perturbations preserve the shape of the probability distribution
Gaussian distribution as estipulated by independent realizations, this happens in
quantum perturbations from the inflaton field.
The two point correlation contains all info of a Gaussian field
SAWAX) > = &t Ix—x])
< AAL > = &(t |k —K'|) = dp(lk — K'|) (homogeneity) x P,(k)(isotropy)
Pa(k) is the powerspectrum associated to A.
The dimensionless Powerspectrum is k% /2m2k3Pa(k) = Pa(k)

. The Transfer function relates A to a single adiabatic Primordial Perturbation:

A(k, t) = Ta(k, t, 1o)A(k, t)

< ARAL >= TE(k, t, 10)dp(|k — K'|)P¢ (k)
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Inflationary conditions

primordial perturbations are quantum fluctuations of inflaton.

» Work with a rescaling of the Mukhanov-Sasaki variable s = —2a,/7¢ and
evolution equation

1"
a7y
withy =1—-H'/H?and U = ayn)” the effective scale of instability.
ayy

» if k2 >> U the solutions are harmonic oscillators
» if k2 < U, there is a growing and decaying solution.
» In the intermediate stage and in a slow-roll regime (e < 1, 7 < 1), solutions are:

s = V/Kn By (k) (kn) — Ba(k)J— (kn) ]

with orders v = —3/2 — 2¢ + 7, just deviating from scale invariant case v = —3/2
» The slow roll parameters in single field inflation:

M2 v/ 2 v VAV
€ 7(7), nzM27, =M v (1)




Inflationary Powerspectrum

2
Primordial powerspectrum from inflationary solutions P = 81? %’
» Parametrised by amplitude and spectral index
k ns—1
e~ ipt0 4 ()
» Amplitude from inflationary scale and tensors
GH? 1 %
~ —[1-8¢-3/2n] = —5—F —
Pe e [ ¢ /2n] 247T2M1‘,‘1 €
» Spectral index,
ns=1-—6e+2n
» Running and running of running,
an,
ns = 142n—6¢ng = 7d|nsk = 16en — 24¢2 — 2¢,,
_ Pns 3 2 2
Nekk = e = —192¢° + 192¢°n — 32en” — 24€éo + 2nés + 2¢3,
» The same analysis for tensors leads to the Gravitational Wave
16GH? k 1 % P
Ph ~ 1-8¢—2¢log—|=—F—F— r=-—=16
" B P YTV g P



Observations of CMB

Temperature anisotropies observed today must account for all effects on photon
trajectory

» Anisotropies in temperature at the direction of observation 7:

. 0
ST/T(x*,0) =0 = (0 + V) gee + Nivy + dn(¢’ + ).

Tldec

» At large scale we see super-Hubble scales with negligible Doppler and ISW effect

N 1
ST/T(xF, M) =0 = (04 V)4 =~

14 1
SN v =—(—2)W+v=_w.
20TV =g

3
This shows the amplitude of the primordial anisotropies. Also manifest in the
two-point correlation of ©(h) = > imaim Yi. m(P)

AN 1 dk
(O(MO* () = (amay m =) = S Smmy {ﬁ 7@/2(7707")73((") = 6y Smm Ci-

» In practice we do not have many realizations and

1
G #C=5r > lanl

—l<m<lI

» This leads to cosmic variance ((CP® — C;)2) = C

2
241



CMB multipole spectrum
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CMB parameter estimation
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N. Barbosa et al. arXiv:1711.06693



Outline Part IV

v

From Boltzmann equation to Fluid variables

v

Solutions to the Perturbation Equations

v

Zel'dovich approximation

v

2 Point Correlation Function

» Powerspectrum

v

Separate unvierses and Spherical Collapse



Elements for description of Structure formation

» Scales below the Hubble horizon ry = ¢/H or wavenumbers below the comoving
horizon #~
k/aH = k/H ~ kn < 1,
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Cccomy = 0 Nointeractions
P = 0 Presureless fluid



Elements for description of Structure formation

» Scales below the Hubble horizon ry = ¢/H or wavenumbers below the comoving
horizon #~

k/aH = k/H ~ kn < 1,

» Dark Matter domination

(Uf> = U Nodispersion
Cccomy = 0 Nointeractions
P = 0 Presureless fluid

» Evolution of inhomogeneities beyond the linear regime.

6=20p/p>17



The Boltzmann Equation

» Set of N Colisionless particles represented by the phase distribution funciton
f(X,p,m) = > dp(X — Xn(n))dp (P — Pn(n)),
n

defines the density
p(x.n) = ma [ o,
the local mean velocity
p(p(en) =a~* [ dpp't,
and the stress tensor from the second momentum of the distribution



The Boltzmann Equation

» Set of N Colisionless particles represented by the phase distribution funciton
f(x,p,1m) = > _ dp(X — Xn(1n))3p(P — P(n)),
n
defines the density
p(x.n) = ma [ o,
the local mean velocity
p(p(en) =a~* [ dpp't,
and the stress tensor from the second momentum of the distribution

» Evolution from Vlasov or Colisionless Boltzmann Equation

dn ekl am® ax ~ ¥Mox “op



» Evolution from Vlasov or Colisionless Boltzmann Equation

df of
7(x7 P, 77) = 87 +
m

] . oL,
of 06 of
dn

am" ox ox op
» The Newtonian field equation or Poisson equation for the potential ®:
V2® = 4rGap.
Moments of the Boltzmann equation yield the hydrodynamics governing equations.
Opp(x,n) = —V-(pu)
(By+u-V)u = —Vo- 18, (;;a’f) .
P

For the background, u = x* and the inhomogeneous potential ¢ yield
6[/3 = —3H (ﬁ) ’
4
oH = 7§7TGazﬁ,

with solutions 5 = pa—2 and a « 72



Perturbation Equations

For density perturbation 6 = §p/p and peculiar velocities v = u — HX,
and(x,m) + (1 +8)V) = 0,

MV (X, n) + VIOV + HV + 06

1 "
——0j(pa”).
P
and the Poisson equation for the perturbed potential ¢ is
V2¢ = 4nGpo.

Combining the above we arrive at the evolution equation for density perturbations and
truncating the Boltzmann hiearchy at second order we get, in the linear limit,

3n5(1) - ,ajv(ﬂlzg(ﬂ’
AV (M = _pig),

Linearizing the last term and combining both Egs.

507 4 3500 gHZQmém —0 )



The Newtonian Regime from GR

ds? = &(n) [~ dn? + vj(x, max'dhd |,
The deformation Tensor:
2= auty — I o 0= Ky =g,

Relativistic Equations in the Synchronous gauge

& +9(1+38) = 0,
O+ HO + 09+ 4nGaPps = 0,
0~ 09 +4H9 + R = 167Gapd,

Dictionary of Newtonian Vs. Relativistic (at non-linear order)

R — V2o
oc — 5[\[
’19]’- — V’VjVN

* This is valid at all scales and all orders and at non-linear level except for the constrain
equation (3)



Solution to linear equations

» In cosmic time t the evolution equation is

§+2H6 —4rGps =0

v

Two Solutions:
s0(t,x) = 60 (x)Dy (1) + 6 (x)D_(1). 3)

v

Identifying equations we see that D_ = H.

v

Using the Wronskian or a particular solution

at da H ds
D () = H(t) / ey — 1@ / @Hg 3/ (H(s))°

In CDM domination (Einstein-de Sitter Universe)

Dy (n) = a(n) =n° (4)

In LCDM growth is suppressed wrt E-dS. Define the growth suppression factor

\4

v

gz dlogd D 6
~ dloga HDy  HS




» Defining the growth factor

dlogs D' 0

f=—"—— = = —
dloga HD  HO

It is evident that in E-dS f = 1. In LCDM it is

3 1
f = —*Qm + Qma(ﬂ) (1) = lel
2 (%)
» The approximate value if 1 — Qnm < 1is

v =6/11

[X]




» Defining the growth factor

dlogs D/ 0

fgi_ = —
dloga HD  HS

It is evident that in E-dS f = 1. In LCDM it is

3 1
f = —*Qm + Qma(ﬁ) (1) = Q%
2 5 (x)

» The approximate value if 1 — Qn < 1is

v =6/11
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Standard Perturbation Theory



Standard Perturbation Theory

sk o Phi Phe g
()0 == [ G s ) olk + keaks ka)o (ko)
P dky

@rF @)y (2) 5p (ks + ka)B(ks, k2)0(k1)0(k2),

. 3
6(k,n) + HO + §Qm7{25 = 7/

with )
ki - kq kio (K1 - k2)
ki, ko) = , ki k) = Fiz(Ki -
a(ki, ka) k2 B(k1, k2) 2kPKE




Standard Perturbation Theory

3 3
5(k,m) +6 = 7/ (‘;ﬂk)‘s (‘;ﬁk;s (2m)*5p (K + ko) ou(Kq, Kz2)0(k1)5(kz),

Pk Pk

@rF @)y (2m)° 50 (k1 + ko) B(k1, k2)0 (K1 )0 (kz),

. 3
6(k,n) + HO + §Qm7{25 = 7/

with )
k12 - ky kio (K1 - k2)
ko) = ki, kp) = —12 1" 72
a(ki, ke) P B(k1, kz2) 21CIC

Formally expand the matter and velocity fields
8(k,m) = 6 (k, m) + 6@ (k, m) + 6@k, ) + -+,
ok, 1) = 00 (k,n) + 6@ (k,n) + 6 (k,n) + - -,
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3 3
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Standard Perturbation Theory

3 3
5(k,m) +6 = 7/ (‘;ﬂk)‘s (‘;ﬁk;s (2m)*5p (K + ko) ou(Kq, Kz2)0(k1)5(kz),

Pk Pk
(2m)3 (2m)3

. 3
)+ M0 + S 0mHs = — [ (27 ok + ke)B(k, ke)0(k1 )0 (ke),
with .
kiz - ki A
ki, ko) = ki, ko) = 22— =7
a(ky, k2) P B(ki1, k2) 21CIC

Formally expand the matter and velocity fields
8(k, ) = 6k, n) + 8@ (k, ) + 6@k, m) + -+,
0k, n) = 0V (k,n) + 0@ (k, n) + 0 (k) + -+,

Define: N A
s =DimE” (k) and 0 = H(n)DL(n)d" (k)

This is possible for f = dIns/dIna = Q/? [Bernardeau, ApJ 433, 1 (1994)]



Standard Perturbation Theory

Obtain the recurrence relations

né™ 4 6 = A, 35 4 (1 4 2m)d")

where

n—1

An(K) = — / d®ky dPkodp (K1 + ko — K)ou(ky, kz)

3

3

Bu(K) = — / d®ky d®kop (K1 + ko — K)B(K1, Kz)

m=1

= Bm

0 (k)8 (),

0™ (k)8 ™ (ko).



Standard Perturbation Theory

Obtain the recurrence relations

né™ 4 6 = A, 35 4 (1 4 2m)d")

where

n—1

An(K) = — / d®ky dPkodp (K1 + ko — K)ou(ky, kz)

3

3

Bu(K) = — / d®ky d®kop (K1 + ko — K)B(K1, Kz)

m=1

The inverse relations are

5" (k) =

s

(2n+3)(n—1)

= Bm

0 (k)8 (),

0™ (k)8 ™ (ko).

(1 20)An(k) = Bolk) oy _ —3AnlK) + o)
@n+3)(n—1)



Standard Perturbation Theory

n
57k n) = 02(n) | T] o amoa ++ - +ay ~ WFn(ar.- a5 @)+ 5§ (@)
m=1

n
0k, n) = ~H' ()DL () [ [T damdo(a; + -+ 8y = K)Ga(ay - -.a)38(@) -5 (@)
m=1

With kernels F and G

Gn(@s, .- .0,
Folys- ) = ZM[@H1)a(k1,k2)anm(qm+1,‘..,qn>

+28(k1,k2)Gr—m(Qmy1s - - - qn)]
Gm(9y, - - -,
Gn(Qy,--.,0,) = Z &Tsim[sa(khkz)Fn—m(Qerh-~-7Qn)
+2nB(k1, k2)Gr—m(Qms1, - - -, Qn)} .

ki=qy+ - +dnand ka =q,, 1 + - + 0,



Standard Perturbation Theory at Second Order

For example, the n = 2 case gives

Fa(ay,d,) =

5 14q;- 2 (gy - 9)?
7+7Q1 92 <ﬂ+@)+7(‘hzq22)
7 2 q192 (o7} [e]] 7 q1q2

;+1Q1'q2 <ﬂ %>+f(q1'q2)2

+
@ 7 qag

G2(d19) = 2 Gi1qe




Powerspectrum at Second Order

(305K = (87 () + 59 () + 67 (k) + -+ ) DK + 5P ) + 5T () + 1))
= Pu(k,n) + 2P ke, 1) + P (k) + -
= DE(mPLK) + DL (m)@P (k) + P (K)) + -

PO (k) = (517 (k)s™ (k"))



Powerspectrum at Second Order

(305K = (87 () + 59 () + 67 (k) + -+ ) DK + 5P ) + 5T () + 1))
= Pu(k,n) + 2P ke, 1) + P (k) + -
= DE(mPLK) + DL (m)@P (k) + P (K)) + -

PO (k) = (517 (k)s™ (k"))

P W) =2 [ FaP(@PL(k ~ aDIF @k~ Q).

2P ) = 6Pu(K) [ o*aPi(@)FF (@, ~a. k).



Powerspectrum at Second Order

(3()3(K"))" = (6D (®) + 8P (k) + 8@ (k) + - )6V (k') + P (K') + 5C

= Pu(k,n) + 2P<‘3 (k,n) + PP (k, ) +
= Di (n)P(k) + DL (n)(2P"D (k) + PP (k) + - --

PO (k) = (517 (k)s™ (k"))

P W) =2 [ FaP(@PL(k ~ aDIF @k~ Q).

2P ) = 6Pu(K) [ o*aPi(@)FF (@, ~a. k).
Performing the angular integrals
SPT K® 1 K3 oo
Pllow =00 | —5 [ doP(p)| { Pulk) + g5 o5 [ arPuthe)

(8r+7x — 10rx?)? 1
/prLk,/1+r2,2,—Xr+X7rX)

1+r2—2mx)2 | 252 47r2 P

12 3 1
x [72 — 158 +100r% — 42r* + Ta(’z — 137 +2)In ] +

,:}}

() +-0))

/ arPy(kr)



Powerspectrum at Second and Third Order in SPT

P/P..




Lagrangian Perturbation Theory

LPT: where the coordinates are comoving with fluid particles

X(qyﬁ) :CH‘\V(q,U)a w(qvnl) :07
The Lagrangian displacement W/(q, 7), is related to peculiar velocity

i

Vi(q,n) = V.

po(q)
Det|dj + 9Vk(q,n)|

=140 =

Continuity equation is thus integrated.
Zel'dovich approximation means free streaming (balistic approximation)

x=q+ a(n)v(q),

3
= p(q,n) = H

14+ a)\g

with A\, the eigenvalues of 0;V;



Zel'dovich Approximation

Zel'dovich approximation means free streaming

x = q-+a(nv(q),
3
-~ 00
=>p(q,n) = 21:[171+a&(q)

with A\, the eigenvalues of 9;¥;




Lagrangian Perturbation Theory

Continuity, Euler and VDT equations —>

o 1 .
V(g n) + HV' + 9'p(q + V) = *maj(ﬂ +8)a’),

d’J(q, n) + 2Ho! + aiki);(\l'lj + Ujk(')k\'ll/ =0.
V (9) denotes derivatives with respect to Lagrangian (Eulerian) coordinates.

> In the following we shall consider the case o/ = 0.



Lagrangian Perturbation Theory

Continuity, Euler and VDT equations —>

. . 1 i
Vi@, m) + HY +0'6(q+ V) = — = 9((1 + )",

d’J(q, n) + 21! + o + o0 = 0.
V (0) denotes derivatives with respect to Lagrangian (Eulerian) coordinates.

> In the following we shall consider the case o/ = 0.

Before shell-crossing the conservation of mass ( (1 + 5(x))d®x = (1 + (q))d®q) implies
1 1
1+6x)= ————— =J
000 = Sar T vv@)

where J is the determinant of the Jacobian matrix of the transformation from Eulerian to Lagrangian
coordinates: J; = ¢; + V;W'. Alternatively we can rewrite the relation as

d3k/ o
14300 = [ ao(x—a = wla,m)aq = [ dfag e e

5(k) = /d3qe*f""*(e*f""“<qv") —1)



Lagrangian Recurrence relations

W(q,n) + HV' +9'p(q+ W) =0
Solving order by order:

) D" )
WO kn) = i [ ol ) 6 k),
: k

The first three terms are [Bouchet et al. A&A 296, 575 (1995)]

k 3 k ki - ko \?
Lm(k) T ke L(Z)(k17k2) T 7Rk |:1 - < 11(1/(22) ] ,

K[, (kike\2] [, [ (ki+ke) k)2
K2 [1 ( ki ko ) } {1 ( [k1 + ka|k3 )
k ki - ka2 \? (ky - k2)(k2 - k3)(ks - ki)
@ {1 73< ) +2 k12k22k§ :| R

L (ky, ke, k3) =

N o

W =

kiko

> Recurrence relation were unknown until recently. Matsubara



Lagrangian Powerspectrum

| Bge—k-ag—ik-w
—_—
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Lagrangian Powerspectrum

| Bge—k-ag—ik-w
—_—

<(/d3qe—ik-q +5(k)) (/dsq oK +6(k,))) _
<5(k)6(k/)>+</d3qefik-q/dsq/e,ik’»q’>+<5(k)/ g e 9y 4 (5(k /daqe eay

=0

(5(K)3(K')) = —(27)*50(Kk + k/)/dsqeiq.k +/d3q1 e efik’,qz(e—ik»w(q1)—fk',w(q2)>. (*)

Def: Q=(d+9y)/2, 4= —qy = & =(20-09)/2, g, = (20+0q)/2



Lagrangian Powerspectrum

| Bge—k-ag—ik-w
—_—

<(/d3qe—ik-q +5(k)) (/dsq/ef,'khq/ +5(k,))> _
<5(k)5(k’)>+</ dsqe’ik'q/dsq/e”k,’“,)+ (5(k) /dsq’e”k oy 4 sk /d‘*qe ik-q)

=0

(5(K)5(K')) = _(271_)36D(k+k1)/d3qeiq.k+/d3q1d3qze—ik.q1 oK a2 (g ik W(a)—K W(ag)y ()
Def: Q=(q;+9,)/2, A= —q, = & =(2Q-q)/2, g, = (2Q+q)/2.
(*_2):/d30d3qe—i(k+k’)-5e—i1§(k’—k)-q<e—ik-w(%(25—q))e—ik/-\U(%(25+q))>
:/d3Od3qe—i(k+k/)-ée—i1§(k’—k)-q<e—ik-\u(—%q)e—ik’-\u(%q)>
:/d3q(27r)35D(k+k’)e’f%(k/’k)'q(e"k V(= fa) =ik -v(Ja)y
_ (271_)36D(k+k/)/dsqeik~q<e—ik~w(—%q)e—ik’w(%q))

= (2m)%p(k +K') / e ek (V@) V(@)



The matter power spectrum expressed in terms of displacement fields is ([Taylor & Hamilton,
MNRAS 282, 767 (1996)]),

Plor(k) = /d3qeik-q(<eik.A> ).

where q = q, — q is the Lagrangian coordinates separation and

A(Q) = V(ap, 1) — V(ay, 1)



The matter power spectrum expressed in terms of displacement fields is ([Taylor & Hamilton,
MNRAS 282, 767 (1996)]),

Per() = [ dqe* (") - 1).

where q = q, — q is the Lagrangian coordinates separation and

A(Q) = V(ap, 1) — V(ay, 1)

Now, we can use the cumulant expansion theorem,

oo

. iN
(€)= exp (Z ﬁ(xm) :

N=1

to rewrite the PS as

; 1 o i o
(2m)'60(k) + P70 = [ d'ge*Texp [—Ek,-k,-m’A% ~ k(A A" ] .



The matter power spectrum expressed in terms of displacement fields is ([Taylor & Hamilton,
MNRAS 282, 767 (1996)]),

Per() = [ dqe* (") - 1).

where q = q, — q is the Lagrangian coordinates separation and
A(9) = V(ag, n) — Vv(ay, ).

Now, we can use the cumulant expansion theorem,

(%) = exp (f: ’%(xm) ,
N=1 :

to rewrite the PS as

; 1 o i o
(2m)'60(k) + P70 = [ d'ge*Texp [—Ek,-k,-m’A% ~ k(A A" ] .

Different expansions of the exponential lead to different (resummation) Schemes
> iPT (Matsubara formalism): Keeps in the exponential terms evaluated at q = 0
> CLPT: Expands terms that goes to zero as g — oo
» ..see Vlah, Seljak, and Baldauf [arXiv:1410.1617]



Powerspectrum at Second Order in LPT
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Spherical Collapse

0) Different choices for a background universe.

Relative size of the universe

w

~

[

K 8rG_ 1
H + 5 = —p+ A
a 3 3
T T T
Dark Matter + Dark Energy
affect the expansion of the universe
(o) Q, Open
= 0.3 0.7 Open (low density) 4
(accelerating)
0.3 0.0
1.0 0.0
F so0 0.0 #]

Now

10

Billions of Years

20 30



Spherical Collapse

0) Expansion for a background universe.

o Kk 871G _
H+ =

3

1) Consider an overdensity with uniform density pa = p + dp above the cosmological
horizon 1/# and with scale factor R(t), on top:

8rG 87

8rG
Hszpbf—[prp 5] = =5 lpa — 7]

2) For a common initial expansion Ha(t;) = Hp(t;) the overdensity is interpreted as
positive curvature.
KC? 8rG
= ——3p(H).
R2(t) 3 p(t)




Spherical Collapse

0)

—_

L

K=

Expansion for a background universe.

8rG
K2+ £ =225
+ a2 3’
Consider an overdensity with uniform density pa = p + dp above the cosmological
horizon 1/# and with scale factor R(t), on top:

8rG 8 8rG
H2 = 3 =g [pb+5p dp] = == [pa — o4
For a common initial expansion Ha(t,-) = Hy(t;) the overdensity is interpreted as
positive curvature.

KC2 8rG

R~ 3 )

Deriving the Friedmann equation we have a Keppler problem because there is no
mass transfer
d?R
ra
And the solution in terms of the conformal time:

=—-GM/R?.

Rmax

R(m) = (1 —cosn),

1 .
—tmax (n — sinn).
™

t(n)



Spherical Collapse

5) There is a maximum Radius for collapse

Qa(t)

Rm X = T N 10
T Qa(t) — 1

6) If we take small times and expand around n = 0,

1 1
R = R .2 4
max<4"7 487])’
1 14 1 &
t = —t - ).
wm"x(sn 120")
1 t \?/°
R(f) = - Rmax (ew ) 1 -
4 tmax

7) Take the ratio of densities pa/pp = 1+ §:

3
14 6lin = 22 i:1+3<

- 20




Spherical Collapse

8) In the non-linear regime, the density diverges, while the linear density

2/3
Otin = 3 (GW ! )
20 Tmax

3 3
Biinta. = o5 (67)%/° =1,06,  Sincol = % (127)%/® = 1,686

104

84

6

§

44

24
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* & % K JE] HE ik 2K
- 2 - 4 2 4

N ( tiempo conforme )
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T T TRy



Spherical Collapse

8) In the non-linear regime, the density diverges, while the linear density

2/3
Otin = 3 (GW ! )
20 Tmax

3 3
Biinta. = o5 (67)%/° =1,06,  Sincol = % (127)%/® = 1,686

9) Spherical collapse guides us to detachment and virialization criteria.

Oniyvir = O(R = Rmax/2) ~ 178
104
84
6
§
44
24
0
* & % K JE] HE ik 2K
- 2 - 4 2 4

N (tiempo conforme )

T T Y TR |

T T TRy



Cosmological Perturbation Theory

That'’s all folks!
(for now)
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» COTB-2017, Punta Mita, 10-17 December, 2017

» MEXPT-2018, Cuernavaca, Mayo, 2018
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That'’s all folks!
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Posgrado en Ciencias Fisicas, UNAM 2018(!)



